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Three Spreadsheet Models Of A Simple Pendulum

Abstract

The paper gives three spreadsheet models of simple pendulum motion. In two of them, the graph of the
pendulum angle is drawn upon the exact integral solution using numeric integration — the simpler model only
uses spreadsheet functions, the general model uses a VBA program. The period results directly from the
calculations. In the third model, the period is calculated first using the power series formula. The graph of the
pendulum angle is drawn afterwards using Euler’s method of solving differential equations. The error in
gravity acceleration if calculated upon the standard cosine approximate formula instead of the exact one is
graphed.
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Three spreadsheet models of a simple pendulum

Jan Benacka
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Abstract

The paper gives three spreadsheet models of simple pendulum motion. In two of them, the
graph of the pendulum angle is drawn upon the exact integral solution using numeric integration —
the simpler model only uses spreadsheet functions, the general model uses a VBA program. The
period results directly from the calculations. In the third model, the period is calculated first using
the power series formula. The graph of the pendulum angle is drawn afterwards using Euler’s
method of solving differential equations. The error in gravity acceleration if calculated upon the
standard cosine approximate formula instead of the exact one is graphed.

Keywords: simple pendulum, period, spreadsheet model, gravity acceleration

Quantities and symbols

pendulum amplitude
summation of the power series
in the period formula

gravitational force: G = gm

a angle gravity acceleration
B angle pendulum altitude
¢ computational error in time pendulum mass

¢  pendulum angle pendulum velocity
n  relative errorin g Time

@ pendulum angular velocity Force

0

z

pendulum starting altitude
pendulum length
pendulum period

NS T OMmM ™S I 0

1. Introduction

Measuring the acceleration of gravity ¢ by simple pendulum (a bob on a weightless
cord) is a standard physical experiment in upper secondary schools. Students are
acquainted with the fact that the function

(p(t):(l)cos(t g/L), @

where t is time, ¢ is the angle, 0 <@ < 7/2 is the amplitude, and L is the length of the

pendulum (see the table of symbols), is just an approximate one and usable at @ <5°
only, which holds as well for the emerging formulas for the period T and the gravity
acceleration g

T=2rL/g, g=47"L/T". (2a-2b)
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Figure 1: Simple pendulum

There are three topic questions from the students: If 5° < ® <90°: what is the graph of
the exact solution like; what are the correct alternatives to formulae (2a, 2b), and how big
is the error if one uses formula (2b)?

The answers follow from the exact solution to the pendulum problem. That is given by
an analytically incalculable definite integral. Getting a quarter-period of the graph
(which enables us to construct the entire period) requires evaluating the integral at each
¢ from @ to 0 by a step @/100 e.g.; the integral is evaluated a hundred times at each

change of @, then. Generally, that is impossible without programming. However, the
monotonicity of the integrand enables us to pre-calculate the number of subintervals of
the main interval for getting a given accuracy. Let ¢ be the computational error in time.
If 0°<®<90°, L<10 m, 1.5<¢<20 ms? and ¢2>0.005 s, then the number of the

subintervals comes out less than 170, which allows us to use standard spreadsheet skills
i.e. avoid programming. That is the first model. It is simple, and fully interactive. The
period is calculated from the quarter-period atp=0. The second model is a general
variant of the first one (a bob on a weightless rod) and uses a VBA program. The model
works at any physically correct inputs, i.e., 0°<®<180°, L>0 m, g>0 ms? £>0 s,

and is only limited by the accuracy of the spreadsheet program. The calculations take
some time, thus the model reacts with a delay. The third model is based upon a numeric
solution of the governing differential equation. The period is calculated first using the
power series formula. The graph of the pendulum angle is drawn afterwards using
Euler’s method of solving differential equations that is simple to understand.
Nevertheless, the solution is impossible without using some tricks that makes it
interesting. The model is valid at 0°<® <90°, L <100 m, 0.1< ¢ <100 ms?, &> 0.00005

s, and it is quick and fully interactive.

In each model, the exact formula for g follows from the period formula. The error in g if
calculated upon the cosine approximate formula (2b) instead of the exact one is
computed and graphed at @ from 0° to 90°.
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2. Exact solution to simple pendulum and the exact formula for
computing g

Remark: The theory presented in this section can be found e.g. in [1 - 6].
The energy of the pendulum is given by the law of energy conservation (Fig. 1)

mgH = mgh+mv*/2, (3)

where m is the mass, v is the velocity, h is the altitude, and H is the starting altitude.
Then

v=y2¢(H-h). (4)

As H=L-Lcos®, h=L-Lcosp, v=Lw=Lde/dt (w is the angular velocity), then

i—f:—\/Z%(COS(p—COSCD), —P<p<D, p(0)=. ©)

This results in the fundamental formula that gives the inverse function to ¢(t)

LG da
F= |2 , —O<p< D, 6
\/g(/;[\/Z(cosa—cosCD) v ©)

where « is angle between @ and ¢. The integral is incalculable analytically. Moreover,

it is improper as lim J2(cosa —cos®) =0, and this excludes numeric integration.
a—

Applying formula cosa =1-2sin’ (a/2) and substitution of sin(8) = sin(e/2)/sin(®/2),

where S is angle, gives

7/2

J e
: J1-sin*(@/2)sin> g’

= |k 7)
g

where a = arcsin [sin(¢/2)/sin(®/2)|. This integral is proper as sin(®/2)<1 at any .

If p=0,then t=T/4,so

/2
T=4 \/Z | ap : (8)
85 \1-sin?(®/2)sin? S

The integral is the complete elliptic integral of the first kind. The power expansion is

T= 27;\/%{1 + G)Z sin? (@/2)+ (5)2 sin* (@/2)+ } = 27;\/%2, )

61
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where X is for the summation in the brackets. The correct formula for computing g is
then

g=41°LZ?|T*. (10)
Let g, be the value computed upon Eq. (2b). The relative error is then
n=|1-g,/g=[1-1/2?|. (11)

We can see that 17 depend on amplitude @ but not on length L.
We note that Eq. (5) is obtainable by solving the motion equation of pendulum (Fig. 1)

m%+mgsin(o=0, »(0)=®, v(0)=0. (12)

Substitution v=Lw=Ldg/dt yields the famous pendulum equation

d’ep ¢ . de
+& =0, p(0)=®, == =0. 13
g2 T sine=0, ¢(0) atl (13)
2
Using d f:d—a):d—wd—(p:d—wa) we get
dt dt de dt dt
a)ccll—i)+%sin¢:0, o(®)=0 (14)
with solution
wzc(li—(f:—\/2%(cos¢—cos®), p(0)=0. (15)

3. Models with using numeric integration

The graph consists of two parts. The first part comprises 108 points (,¢), where ¢ goes

from @ to O (the first quarter-period) by steps Ap = ®/100 mostly; it is Ap/4 over the
first four points, and it is Ap/2 over the next eight points to make the model more
precise if ¢ — @ . The integral is computed at each ¢ using the trapezoid rule. The

minimum number of subintervals for getting a given (small) error ¢ in ¢ is calculable as

follows: Let a=arcsin[sin((p/2)/sin(®/2)J, b=m/2, n be the number of subintervals of

eJSiE 3(1) 59 - 69 In The Classroom 62
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interval <a, b>, k= sin(CD/2), f(B)= 1/ 1-k*sin>  be the integrand. Then

AB=(b-a)n, Bi=B,+AB, By=a, B, =b, and the trapezoid rule gives

= g[Mfif(ﬂi) A (16)

i=1

fB)

j—
0 o 2180 ’81 ’82 ’83 ’anb

Figure 2: The trapezoid rule and the maximum error

As f(B) is ascending (see sheet “Integrand” and Fig. 2), the maximum absolute error &

in time is

:F[f(ﬂl)—f(ﬂo)+ fBo)=f8) , . fBir)= fB,2) f(ﬂn)—f(ﬂn_l)}w 17)
g 2 2 2 ? |
then
SZJZf(b)—f(ﬂ)b—a (18)
g 2 n’
which yields

nz\Pf(b)—f(@b—ﬂ, 19)
g 2 &

If 0°<®<90°, L<10 m, 1.5<¢<20 ms? and &>0.005 s, then n <170, which allows

us to use standard spreadsheet skills only. That is the idea that the first model is based
on. The application is in sheet “Modell_IntegralExcel”. The main calculations are in the

hidden columns N — GH. Function IF is used in columns T — H to match the actual value

63
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of n. The inputs stated above are the limiting ones. The graph of the approximate cosine

solution (Eq. 1) is added to make a comparison. The model is in Fig. 3.

Simple pendulum - integral, Excel T=2.37s
© T R 1+ | amplitude
L fm 4 2 |length
q 8.81|ms? 4 N | gravity acceleration
£ 0.008(= computational errar in time

cosing exact
tish | 9 C) | @ €| g -
0.00] 90.00[ 90.00

0.03] 89.65] 89.75|| * ()
0.04] 59.29] 89.55|| &n A
0.05| 88.94] 89.33
0.06] 88.59] 89.10
0.07| &87.90] BE.65|| 30
0.08] &7.20[ 83.20
0.09] 86.51| 87.75 t(s)
0.10] 8s5.82] 87.30f| O . . !
0.11] 85.14] 85.85 1.0 5 20 25
0.11] B4.46] 86.40
012 83.78] 85.95|| 20 1
0.13] 83.10[ 85.50
0.14] 81.76] 84.60
0.15] B80.43] 83.70
0.16] 79.11] 82.80
0.17| 77.62] 51.90{| gq J
0.18] 76.29] 81.00

=]
[m=]
]

B0

Figure 3: Model 1

The second model is a general variant of the first one and uses a VBA program. The
program is a method of a hidden textbox, and it starts at the change of the textbox. The
textbox is linked with a hidden cell (columns N, O) that contains the sum of all inputs.
Hence, if any input is changed, which is acknowledged by the Enter key, the textbox
changes and the program starts. The model works at any physically correct inputs, i.e.

0°<®<180°, L>0 m, g¢>0 ms? &>0 s, and is only limited by the accuracy of the

spreadsheet program. The calculations take some time, thus the model reacts with
a delay; that is why no scrollbar is used. The running calculation is indicated by a label
“WAIT”. If ®=90°, L=1 m, g=9.81 ms? and ¢=0.000005 s, then the delay is about 3
s; if €=0.000001 s, then itis 12 s (at Celeron 1.5 GHz, 512 MB RAM). If @ >90°, then the
delay increases hugely, thus & >0.005 s should be used. If @ =179,99°, L=1000 m,

g=9.81 ms?, and ¢ =0.005 s, then the delay is about 55 s. The model with these inputs

is in Fig. 4 (the cosine graph is cleared away because there is no point in drawing that at
such amplitude as almost seven roughly drawn cosine periods come out within the
exact one). The application is in sheet “Model2_IntegralVBA”. The program (with

comments) is accessible by double-click on the textbox.
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Simple pendulum -integral, VBA T=43345 s

o 179.99)° amplitude

L 10007 m length

[F] 8.81]ms> gravity acceleration

£ 0.005]s cormputational error in time

cosine  exact
t{s) ¢ () ¢ () 180 -
0.00]  179.98] 179.59
4566 -34.13| 179.64 TS{;}_
£254]  84.95| 179.09
SEE0|  140.24] 178.64
50.43] 1e6.37] 17819 1
G356 179.98] 177.29
BE45]  17201] 76.39|| 2° 1

65.70) 156.06( 175.49 t (s}
70.54)  137.26[ 174.59 o T T T T )
72.09) 117.78] 173.69 10 200 300 400 400

73.44]  GBB3| 172.79|| -45
7453|8028 171.89
7569 B2.88| 170.99]| -90
7753]  3125] 169.19
7909] 364 167.39]| -135
B0.44]  -2039] 16559
B163] -41.31] 169.79| | 150 |
B2 70| 5866 161.99

Figure 4: Model 2
The second part of the graphs in both models comprises 321 points (t,¢), where ¢ goes
from 0 to —@ (the second quarter-period), then ¢ goes back from —® to @ (the second

half-period), and time t is computed upon the symmetry of the graph using functions
INDIRECT and ADRESS. The sheets are locked with no password. The white cells are

accessible only. The formulae are hidden under a white rectangle below the graph.

4. The model with using Euler’s method of solving differential equations

Substituting k =sin(®/2) into Eq. (9) gives

2 2 2
T=T, 1+(lj k%(gj kﬂ[ﬁj ke +.. .. (20)
2 24 24.6
The series
1., 13,, 135 } 2
T . =T |1+—k“+—k* " +——k°+..|=T,/41-k 21
major 0|: 2 2.4 2.4.6 0/ ( )

is a majorant one to Eq. (20) i.e. each term is bigger than the corresponding term in Eq.

(20). If we take the first n terms, then the remainder (i.e. the error) is

65
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ngo[l/\/l—kz —(1+%k2+2k4+£k6+..ﬂ 22)

24 24.6

This is sure to be bigger then the corresponding remainder of period T, i.e. the error that
we get if we take the first n terms in Eq. (20) is sure to be less than ¢. The spreadsheet
application that enables us to find the minimum # is in sheet “Minimum N for T”. It
results that n = 23 is enough if 0°<®<90°, L<100 m, 01<¢<100 ms? and
€ 20.00005 s. The redundant terms of the given n = 25 ones are in red numbers.

The model uses Euler’s method of solving differential equations for drawing the graph

at 0<t<T.Replacing the differentials with differences in Eq. (5) gives

Ap= —\/2%(@5(0 —cos®) At, p(0)=D. (23)

If ¢ goes from @ to —@, then ¢, =¢,_, -Ap, ¢,=P, i =1, 2, ... k, where k is the
number of subintervals At of period T, i.e. At=T/k.If ¢ goes back from —-@ to @,
then ¢, =¢. ; + Agp.

The application is in sheet “Model3_Euler”. The change from — to + in the formula for ¢,

is realized by the IF function nested twice (hidden column Q). The problem with the

zero derivative of ¢ at t = 0 (¢ =@ then) that causes ¢, =0 at any i is settled with
a trick: if (the IF function) the square root in Eq. (23) gives zero, then we put A p=10"
(the lowest possible nonzero value in a spreadsheet cell) or else Ag is given by Eq. (23)

(column S). The exact period is calculated in range N12:039. Despite the simplicity of
the method, k = 2000 is enough for getting ¢=89.99952° at t=T if the inputs are

®=90°, L<100 m, 0.1<¢<20 ms? and ¢ 2>0.00005 s, which are the limiting inputs

for the model. It is locked without a password. The formulae are hidden under a white

rectangle below the graph. The model is in Fig. 5.
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T= 2345239 s

| J |amp|itude
leength

j gravity acceleration
computatianal errar in time

[ ET5) R
L 100|m L
q 0.1|ms? j_l
£ | 0.000005|s

cosine exact
teh ] 90 @0 o
0.00] 90.00] 90.00
0.12 90.00] 90.00]| « )
023] 9000 90.00|| g
0.35] 89.99] 90.00
0.47] 89.99] 90.00
0.59] 89.98] 90.00|| 30 |
0700 89.95] 90.00
0.82] 89.97| 90.00
0.94 89.95| oo.oo|| O
1.06] 89.95] 89.99
1.17] 89.94] 89.99
129] 8993 sa.9g|| P 1
1.41 89.91] 89.98
152] 89.80[89.97)| - |
164] 89.88] 89.97
176] ©9.806] 89.96
1.88]  59.84] 89.95]| o7
193]  89.82] 89.94

g 100 a0

200 t(s) 250

The application that computes the error 1 in g (Eq. 11) at various @ and draws the
n(®P) graph is in sheet “Error in g”. The exact period is computed upon Eq. (20) using

the first n = 25 terms. If @ =(°) 5, 16, 36, 52, 90, then 1= (%) 0.095 (<0.1), 0.97 (<1), 4.86

Figure 5: Model 3

(<5), 9.99 (<10), 28.2, respectively. The n(®) graph is in Fig. 6.

Error in g if calculated upon the cosine formula

D) n () _
0] oo 33
1| oona] | ")
2] omis|| 25 A
3] o0ad
4] 0061
5| noss
B 0137
7 oasE|| 15 4
8] 0244
5] 0308
0] oze]| 101
11| 0460
12| 0847
13| 0642
14| 0748
15| 0888
6] 0872
17| 1087

20 4

15 30 45 60

75® () oo
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5. Conclusions

The simple pendulum is involved in the physics curriculum in higher secondary school
(age 15 —19) usually, where measurements of ¢ upon formula (2b) are carried out.

One way of using the models is just to show them to the students and study the
behaviour at various inputs, especially to show that the cosine and exact graphs merge
into one at small amplitudes, and that formula (2b) is absolutely unusable at @ >16° as
the error is bigger than 1 %. Instead, formula (10) has to be used, where the period T is
measured by a stopwatch, and the sum is computed (e.g. like in sheet “Error in g”).
Another way is to build up a model with students interested in physics and
mathematics who have good spreadsheet skills. The model with the VBA program is an
example of programming mathematical tasks, and it is meant for students who are
interested in programming. The program is easily transferable to other developing
environments (the author has developed a Borland Delphi version, e.g.). However, the
two other “pure spreadsheet” models are quick and precise enough, and the input

ranges exceed by far the needs of school practice.

Quantity Symbol (Unit) | Model 1 | Model 2 | Model 3
Amplitude @ (°) 0-90 0-180 0-90
Length L (m) 0.001 — 10 >0 0.001 — 100
Gravity acceleration g (ms™) 1.5-20 >0 0.1 -100
Computational error in time | ¢ (s) 0.005 >0 0.000005

Table 1: Summarization of the models
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