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Spreadsheet Solution of Systems of Nonlinear Differential Equations
Abstract

This paper presents a method for obtaining numerical approximation to solutions of systems of nonlinear
differential equations of one variable using spreadsheets. This solution method is simply based on effecting an
integration formula in a block. The input of the block is equal to a given variable and its output is equal to the
integral of that variable. The block allows the user to set the initial condition for differential equation. A
nonlinear differential equation of order n is solved through a cascaded interconnection of these integration
blocks to obtain the solution function and all its successive derivatives. This approach can also be used to solve
a system of nonlinear differential equations with initial conditions for the functions and their derivatives. The
method is easy to learn and allows a step-by-step study of the solution, and an investigation of the influence of
changing one or more parameters on this solution. The graphical capabilities of spreadsheets gives the method
a visual feel and allows easy comparisons between exact and numerical solutions. The method is illustrated
through several examples of non-linear differential equations which demonstrate its accuracy, flexibility and
simplicity.
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Abstract
This paper presents a method for obtaining numerical approximation to solutions
of systems of nonlinear diﬀerential equations of one variable using spreadsheets. This
solution method is simply based on eﬀecting an integration formula in a block. The
input of the block is equal to a given variable and its output is equal to the integral
of that variable. The block allows the user to set the initial condition for diﬀerential
equation. A nonlinear diﬀerential equation of order n is solved through a cascaded
interconnection of these integration blocks to obtain the solution function and all its
successive derivatives. This approach can also be used to solve a system of nonlinear
diﬀerential equations with initial conditions for the functions and their derivatives.
The method is easy to learn and allows a step-by-step study of the solution, and an
investigation of the influence of changing one or more parameters on this solution.
The graphical capabilities of spreadsheets gives the method a visual feel and allows
easy comparisons between exact and numerical solutions. The method is illustrated
through several examples of non-linear diﬀerential equations which demonstrate its
accuracy, flexibility and simplicity.
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1

Introduction

Spreadsheet programs are used in education to solve problems in electromagnetic fields,
fluid flow, electric circuits, logic circuits and others. Hagler [1] uses them to solve partial
diﬀerential equations in two independent variables based on the computational molecule approach. Crow [2] uses spreadsheets to solve electrostatic problems by Laplace’s
eJSiE 1(3):217-229
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Figure 1: Cascading of integration blocks for an order n diﬀerential equation.

equation for up to three-dimensional systems with two dielectrics present in charge-free
regions. Shapiro [3] also uses spreadsheets to carry out the numerical calculation of
the potential distribution in a pn diode. Kharab [4] employs macro-based programs to
obtain the solution of hyperbolic partial diﬀerential equations. El-Hajj and Hazim [5]
simulate logic networks using a spreadsheet with a customized user interface based on
toolbars, menus, help, dialog sheets, and other advanced spreadsheet features.
This work develops a solution methodology of systems of nonlinear diﬀerential equations of one variable using spreadsheets. The method allows solving any initial value
problem (IVP) of the form:
f (y(n) , y(n−1) , ..., y 0 , y, x)
y(n−1) (0)

=
0
= yn−1
...
y(0) =
y0

(1)

Where y (n) represents the nth derivative of the function y(x) with respect to x. The
solution to (1) uses an integration block with its output equal to the integral of its
input. A variable y(x) and its successive derivatives are obtained through a cascaded
interconnection of these integration blocks as shown in Figure 1. It is assumed that
no discontinuities are present over the integration interval of interest. This type of
integration was used in [6] to simulate linear control systems. This approach will also
be used to numerically solve a system of m nonlinear diﬀerential equations with initial
conditions for the functions and their derivative. The diﬀerential equations are functions
of the same variable x and have the following the form:
(n)

(n)

(n) (n−1)
, ym , ..., ym , ym−1 , ..., ym−1 , ..., y1 , ..., y1 , x) = 0; i = 1, m
gi (ym

(2)

This method is highly accessible and is aﬀordable since spreadsheets are basic software
packages that are widely available. Furthermore, it is easy to learn and allows a step-bystep study of the solution, and the investigation of the influence of changing one or more
parameters on this solution. The graphical capabilities of spreadsheets give the method
a visual bonus. It can actually be used by students to verify worked out solutions by
comparing them to the numerical one obtained using this spreadsheet.
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Section 2 first presents the “Diﬀerential Equations” Toolbar which was developed
to solve the nonlinear diﬀerential equations. The usage of the method is presented in
section 3 using illustrative examples. Section 4 extends the method for a system of
nonlinear diﬀerential equations. Implementation details of the “Diﬀerential Equations”
Toolbar are given in section 5. A discussion of the method and concluding remarks are
finally given in section 6.

2

The Diﬀerential Equations Toolbar

In the solution process, a worksheet calculation is considered as one numerical iteration.
For this purpose, the spreadsheet calculation mode is set to “Manual” and the number
of iterations to be performed in one run is specified. A worksheet range is prepared
to capture data calculated throughout the iterations, and save it for plotting. The
“Diﬀerential Equations” toolbar shown in Figure 2 was developed to initialize or reset
a worksheet, to generate cascaded integration blocks, and to calculate a solution. This
is done using three buttons: Reset, Integrator, and Run. Upon clicking any of these
buttons, an underlying macro causes some related actions to execute, which are described
as follows:

2.1

The Reset actions

In the reset process, the worksheet is prepared to start the integration process by generating or resetting diﬀerent parameters. As shown in Figure 2, an initialization flag is
generated and stored in cell B1. It is set to 0 to indicate that no calculation is required
in the worksheet, and it will be set to 1 when calculation is required. A counter stored in
cell B2 displays the number of iterations, or spreadsheet calculations, that are performed.
This counter is initialized to zero and incremented for each worksheet calculation. The
integration step is stored in cell B3, and the value of the variable, which is the product
of the integration step and the iteration number, is calculated and stored in cell B4. The
number of worksheet calculations to be performed in a single run (Iterations) is stored in
cell F1. In order to capture data calculated in diﬀerent iterations, the columns “Count”,
“Var”, and “Ycal” are generated (See Figure 2). The column with header “Count” indicates the iteration numbers for which data should be captured for displaying or plotting.
By default, data is to be displayed for the first three iterations. The user may copy cell
A13 to range A14:Ax to display more values (where x is the row number of the last value
to display). Moreover, it is possible to set an interval diﬀerent than unity between two
adjacent values by changing cell A12, formatted bold for this purpose, to the desired iteration number following iteration 0. The column with header “Var” indicates the values
of the variable for diﬀerent iteration counts. It is obvious that this value is the product
of the count and step values. Cell B11 can be copied to range B14:Bx for more values
to be displayed. The column with header “Ycal” indicates the values of the output for
diﬀerent counts. This output is initially set to $B$4 and should be edited in the formula
in cell C11 to reflect another output, and then copied to range C12:Cx. Other outputs
eJSiE 1(3):217—229
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can be displayed by generating in column D data similar to C12:Cx but for a diﬀerent
output. The copy command can be used for this purpose by copying cell C11 into cell
D11, editing cell D11 to reflect the diﬀerent output, and then copying D11 into D12:Dx.

2.2

The Run actions

Before starting the run process, it is possible to change the default values of the integration step (cell B3) and the “Iterations” number (cell F1) to any desired values. It is also
possible to control the data displayed, the number of points, and the interval by manually changing and/or adding information to the sub-columns with headers “Count”,
“Var” and “Ycal” as previously described. In the run process, the flag is automatically
set to 1, and the worksheet is calculated a number of times indicated by the “Iterations”
number. The data calculated during the run process is saved in the sub-columns “Var”
and “Ycalc”. It is possible to “Run” the worksheet (i.e., click the “Run” button) many
consecutive times using diﬀerent number of “iterations”, in which case the most recent
run continues from where the previous one stopped. In order to repeat the calculations
for diﬀerent parameters such as a new step, the worksheet is “Reset” (i.e., click the
“Reset” button), the new parameters entered, then click the “Run” button.

2.3

The Integrator button

As indicated in the Introduction, an integrator is a block with its output equal to the
integral of its input. In order to generate an integrator at a certain location, a cell is
selected and the “Integrator” button is clicked. The integrator generated will have the
selected cell as its input, and the output will be automatically selected to facilitate the
generation of other integrators in cascade. By successively clicking a number of times
the “Integrator” button, a number of integrators will be generated in which the output
of one is input to the next to help implement a cascaded system as shown in Figure
1. The initial value of an integrator output is in the lower cell of the integrator body
and is assigned a default value of 0. As an example, the integrator shown in Figure 2 is
generated by selecting cell D6 and clicking at the “Integrator” button. The initial value
of the output, which is assumed equal to one, is next written in cell E6 by overriding its
default value.
In order to illustrate and test this numerical integration process, examples with
known analytical solution were tried and the numerical integration results were found
to be in close agreement as presented in the next section.

3

The Solution Process

Consider the diﬀerential equation given in (1), which can be written as:
y(n) = g(y (n−1) , y (n−2) , ..., y 0 , y, x)
220
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Figure 2: Integration tools and solution of example 1.

Assuming that eq (3) has no discontinuity over the integration interval, this equation is implemented by a sequence of integration blocks as in Figure 1, which are easily
inserted by clicking the “Integrator” button n times. Any two consecutive blocks are automatically connected since the first block’s output is the new active cell, which becomes
the input of the second block generated by the second click. So the n outputs of the
successive blocks represent the functions y(n−1) , y (n−2) , ..., y 0 , and y. The Excel equation
editor is then used to enter formula (3) at the input of the first block using the cell
addresses of diﬀerent block outputs as values for y (n−1) , y (n−2) , ..., y 0 , and y. The initial
values of the variable and its derivatives are finally written in their assigned cells, and
the worksheet is then prepared to execute with the required step, number of iterations,
and output to display and/or plot. To illustrate the method, two examples with known
exact solutions are given and the results are compared with those obtained analytically.
Example 1. Consider the following equation:
dy
= yx,
dx
y(0) = 1
y0 =

(4)

In order to solve this equation starting from an empty sheet, the “Reset” button is
first clicked which generates various elements indicated in the previous section, cell D6 is
next selected and the “Integrator” button is clicked which generates the integrator with
input y 0 (cell D6) and output y (Cell F6) as shown in Figure 2. The initial value y(0) is
entered in cell E6. The right-hand side of (4) is entered in cell D6 as: =$B$4*F6. The
integration step is changed to 0.002, the iteration number is changed to 600, the “Run”
eJSiE 1(3):217—229
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button is clicked to run the worksheet for 600 iterations. The numerical results show
2
good agreement with those based on the exact solution y = ex /2 in range D11:D26.
In order to plot the output F6 using points at intervals of 100 iterations, cell A12 is
changed to 100, and the variable $B$4 in the formula generated in cell C11 is changed
to $F$6. Cell A13 is copied to A14:A26, cell B13 is copied to B14:B26, and cell C11 is
copied to C12:C26. The initial value of the output (for Count = 0, y(0) = 1) is next
written at cell C11 since it will not be captured in the first iteration in which Count is
1. The value which corresponds to the exact solution is stored in column D by writing in
D11 the equation =EXP(0.5*B11^2) and by copying it to cells D12:D26. The worksheet
is “Reset” then “Run” under these new conditions and the Excel “Chart wizard” used
to plot of the numerically calculated solution and that obtained from the exact one as
shown in Figure 2.
Students can use this implementation to study the influence of one or more parameters
on the solution. For example, it is possible to change the value of the step, “Reset” then
“Run” the worksheet and see how the graph is recalculated and how the accuracy of the
solution is aﬀected. Some parameters such as an initial value or an equation coeﬃcient
may be changed to investigate the sensitivity of the solution with respect to such changes.
Also, the iteration number can be set to one in order to follow the calculations step by
step. It is also possible to unhide cells D5 and E5 which contain intermediate results
and observe further details on how the integration is performed step by step. It is also
possible to increase the number of iterations to conclude on how long the agreement
with the exact solution remains valid. Figure 2 shows that in the last few iterations, the
error due to the approximations used in the method accumulate and become apparent.
Example 2. Consider the following diﬀerential equation:
y00 + 4y = x2 sin 2x

(5)

The initial conditions are y(0) = 1 and y 0 (0) = 0. The above equation is solved by
cascading two integrators in series as shown in Figure 3. The input and output of the first
one are at cells E6 and G6, respectively; those of the second one are at cells G6 and I6, respectively. The input equation of the first integrator, given by =B4*B4*SIN(2*B4)-4*I6,
is entered in cell E6 and the initial conditions are in cells F6 and H6. The exact solution
is given by:
¶
µ
¶
µ
x
2
x2
x3
0
+
−
cos 2x + y (0) +
sin 2x
y(x) = y(0) −
12 32
16 128

(6)

The values of the function as numerically calculated and the exact ones are calculated
as for Example 1. The plots of the exact and calculated values are shown in Figure 3.

4

Systems of Diﬀerential Equations

Consider the following system of m diﬀerential equations:
222
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Figure 3: Spreadsheet solution of example 2.

(n)

= g1 (y1

(n)

= g2 (y1

y1
y2

(n−1)

, y2

(n−1)

, y2

0

0

0

0

(n−1)

, ..., y1 , y2 , ..., y1 , y2 , ..., x)

(n−1)

, ..., y1 , y2 , ..., y1 , y2 , ..., x)

...
(n−1)

(n)
ym
= gm (y1

(n−1)

, y2

0

0

, ..., y1 , y2 , ..., y1 , y2 , ..., x)

To obtain a solution, each equation is simulated using the method described in the
previous section. However, the spreadsheet row-wise calculation must be taken into consideration when entering the equations. When an equation refers to a variable calculated
in preceding cells, the value of the variable and its derivatives in the preceding iteration
must be used. For this purpose, the integrator output obtained in the preceding iteration
is saved in the upper cell of the integrator body but formatted as hidden for convenience
in the display (see section 6). In this case, referring to the upper cell of an integrator
rather than its output (i.e., E5 instead of F6 as in Figure 2) solves the row-wise calculation constraint. When an equation refers to a variable located in a forward cell, the
variable value is obtained directly from this cell as in previous examples.
Example 3. Consider the following system of diﬀerential equations:
y10 = 2y1 − 3y2
y20

eJSiE 1(3):217—229
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Figure 4: Spreadsheet solution of example 3.
The initial conditions are y1 (0) = 0 and y2 (0) = 1. The above equations are solved
by two integrators in row formation as shown in Figure 4. The first integrator has C7
and E7 as input and output cells, and those of the second one are F7 and H7. The input
equations for C7 and F7 simulate the right-hand-side (RHS) of (7) and (8), respectively
by the formulae =2*E7-3*H7 and =-2*D6+H7. The exact solution is:
y1 = ae−x + be4x

(9)

y2 = ae−x − 2be4x /3
The coeﬃcients a and b are calculated from the initial conditions as a = (2y1 (0) +
3y2 (0))/5 = 3/5 and b = 3(y1 (0) − y2 (0))/5 = −3/5. Figure 4 shows the plots of the
exact and calculated solutions, which are in good agreement.
Example 4. Consider the Lorentz Attractor which is described by the following
system of nonlinear diﬀerential equations:
x0 (t) = −3[x(t) − y(t)]

(10)

y0 (t) = −x(t)z(t) + 26.5x(t) − y(t)

(11)

z 0 (t) = x(t)y(t) − z(t)

(12)

The initial conditions are x(0) = z(0) = 0, y(0) = 1. The above equations are solved by
using three integrators as shown in Figure 5. The three integrators represent (11) (12)
224
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Figure 5: Spreadsheet solution of example 4.

and (13) with their input cells being G8, G11 and G14 and their output cells I8, I11, and
I14, respectively. The input of each integrator represent the RHS of one of the above
equations. For example, the input of the second integrator second integrator is the RHS
of (11) and is implemented in cell G11 by the formula =-$I$11+26.5*$H$7-$I$14*$H$7,
as shown in Figure 5. The plots of y(x) and z(y) are given in Figures 6 and 7 and are
in close agreement with those obtained using Mathematica.

5

Toolbar Implementation Details

In this section, the implementation of the macros linked to the three toolbar buttons
is explained. In each case, the actions related to the macro are recorded, then the
visual basic code generated by the macro recorder is edited, and the macro is linked
to the toolbar button. In editing a macro, some references are made relative, and
some unnecessary code which is often inserted by the Visual Basic editor is eliminated.
This development approach reduces the programming eﬀort that is required when the
macros are written from scratch using the Visual Basic language. Circular references
are needed as they are present in the method concept: the output of an integrator is
a function of the input, which, in many cases, is a function of the output calculated
during the previous iteration. Many authors have solved diﬀerential equations [1-4]
without using circular references. In this kind of solution, an iteration or calculation
step corresponds to a set of cells, and these cells will contain numbers and formulas
representing intermediate and final results in successive iterations, which require the
user to write and edit the integration formulas used in these cells. However, such a
solution approach cannot be easily extended to solve large systems of equations with a
large number of iterations in which the user, having investigated the details, is now to
eJSiE 1(3):217—229
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Figure 6: Plot of y(x) in the Lorentz attractor system of example 4.
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Figure 7: Plot of z(y) in the Lorentz attractor system of example 4.
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focus on the overall systems behavior. In this proposed approach intermediate results in
earlier iterations are successively overwritten and the required results displayed to help
the user focus her/his attention on the system as a whole.
In the case of the Reset macro, the calculation mode is set to manual with a default
number of iterations equal to one, and the column width is set to a default fixed value.
All information in ranges A1:B4, E1, F1, A10:C13, is next written according to the
specifications described in Section 2. For example, the initialization flag, stored in cell
B1, is set to 0. The counter stored in cell B2 is initialized to zero and incremented for
each worksheet calculation to indicates the number of iterations. This is done by writing
at cell B2 the conditional formula: =IF(B1=0,0,B2+1). The value of the variable, which
is the product of the integration step and the iteration number, is calculated and stored
in cell B4 using the formula: =B2*B3. In order to set an interval diﬀerent than unity
between two adjacent values, the interval value is assumed equal to A12-A11, and the
following formula is written in A13: =A12+$A$12-$A$11. The variable value at cell B11
is equal to =A11*$B$3 which is copied into cells B12:B13. Capturing the data for display
(the default is $B$4) is done by writing in cell C11 the formula
=IF($B$1=0,0,IF($A11=$B$2,$B$4,C11))

(13)

This formula is copied into cells C12:C13.
In the case of the Run macro, the recorded events are: Flag B1 is set to 1, the
number of iterations is set to the value indicated in cell F1, the recalculation mode is set
to manual, and the worksheet calculates.
In the case of the integration block with input equal to a function f (x) and output equal
to the integral y(x) of this function, this integral is obtained by solving the equation:
dy
= f (x)
dx

(14)

Equation 14 is assumed to have an initial value y(0) = y0 . Given an input sequence
xi with i = 0, 1, . . ., the corresponding output sequence yi can be obtained using a
numerical integration formula [7]. We will illustrate our method using the trapezoidal
rule but higher order rules can readily be used:
h
(f (xi ) + f (xi+1 ))
(15)
2
The macro Integrator is recorded while constructing an integrator with input D6 and
output F6 as shown in Figure 2. The drawing toolbar is first use to draw this integrator.
The initial value of y is stored in cell E6 and assigned zero as a default value. The
input cell D6 of the integrator implements f (xi+1 ) which is the right-hand side of the
diﬀerential equation being evaluated at the i + 1 worksheet calculation. For a correct
operation of the integrator, f (xi ) and yi must be updated by reading their values from
the previous worksheet calculation. Due to the row-wise calculation of Excel worksheets
(row-wise calculation mode must be used in other spreadsheet programs), this is made
possible by storing f (xi ) and yi in cells calculated prior to D6 and F6, (i.e., cells D5
yi+1 = yi +

eJSiE 1(3):217—229
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and E5). The previous input value f (xi ) is stored in cell D5 by writing in this cell
the formula: =IF($B$1=0,0,D6). The previous output value yi is stored in cell E5 by
writing in this cell the formula: =IF($B$1=0,E6,F6). The output yi+1 is obtained at
cell F6 by implementing 15 as follows: =IF($B$1=0,E6,E5+0.5*$B$3*(D6+D5)). For
convenience in the display, cells D5 and E5 which contain such intermediate calculation
are hidden and can be unhidden again using the format/hide-unhide commands. The
macro Integrator is next edited to ensure that all references and drawing are relative to
the input cell in the current active worksheet. It is finally attached to the Integrator
toolbar button. As shown in the previous sections, when the “Integrator” toolbar button
is clicked, an integration block is generated at the current active cell that becomes its
input, its integration formulae are automatically inserted, and its output cell is made
the new active cell.

6

Conclusion

A method for solving nonlinear systems of diﬀerential equations using modern spreadsheet programs has been presented. The nonlinear diﬀerential equations are of one
variable and assumed to have no discontinuities over the integration interval. It was
shown how this solution is achieved in a very simple and modular approach using a single integration block having as input a given variable and as output the integral of the
variable. It was demonstrated how to solve higher order equations by simply cascading
these blocks. The method is highly accessible and of low cost since spreadsheets are
widely available. The method presented has its advantages and limitations when compared with other methods. It is particularly useful in educational settings where budgets
are limited and students may not have means to access sophisticated packages, or time
to write a sophisticated program. It uses a basic software package widely available and
familiar to a large class of computer users which is good for obtaining quick solution
using all available spreadsheet features. It is easy to use since solving an equation requires transforming this equation into cascaded blocks, in addition to a click on Reset
button and a number of clicks on an “Integrator” button equal to the equation order,
and entering parameters and the equation to the first block.
This method is very useful for educational purposes when one solves an equation
and analyzes the results, step by step, recording the successive values in the worksheet,
then repeating the calculations with diﬀerent parameter values, and plotting the results,
and finally taking full advantage of various spreadsheet features to process and analyze
the results. This implementation can be used as well by students taking a course in
Numerical Analysis who can understand the trapezoidal rule implementation and follow
a similar approach to implement and compare other integration formulas.
This implementation is suﬃciently accurate for a large number of practical applications since Excel stores numbers and performs calculations using 15 digits of precision.
To increase accuracy, it is possible to reduce the integration step or use more sophisticated formulas in simulating integration blocks. For example, the trapezoidal rule used
to simulate the integrator may be replaced by a higher order rule [7].
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